Abstract: We present new analytical five-loop Feynman-gauge results for the anomalous dimensions of ghost field and -vertex, generalizing the known values for SU(3) to a general gauge group. Together with previously published results on the quark mass and -field anomalous dimensions and the Beta function, this completes the 5-loop renormalization program of gauge theories in that gauge.
Introduction
Non-Abelian quantum field theories have become a cornerstone of our description of nature, ever since it has been understood that they allow for the interaction strength to become weaker as the energy rises, a property called 'asymptotic freedom' [1] [2] [3] . Providing for an explanation of quark confinement and hence a successful theory of the strong interactions that bind together quarks into protons, Quantum Chromodynamics (QCD), much theoretical work has been focused on this central part of the Standard Model. The change (or 'running') of its couplings and masses with energy is governed by renormalization group equations, which in turn need the theory's anomalous dimensions as an input. In the light of ever-increasing precision of collider experiments conducted at various energies, a first-principles determination of these parameters with the highest achievable theoretical accuracy has become necessary.
One of the hallmarks of perturbative renormalization is the so-called Beta function, governing the scale dependence of the renormalized strong coupling constant. For scalar φ 4 theory, for example, renormalization has recently been pushed to the 6-loop level [4, 5] . For the case of QCD, the current precision frontier is at five loops [6] , and most recently, results for a generalization from the gauge group SU(3) to general simple Lie groups have appeared [7, 8] . The Beta function represents one of the above-mentioned anomalous dimensions that are contained in the renormalization group equations. In total there are five linearly independent ones, such as the quark mass anomalous dimension (for 5-loop results, see [9, 10] ) that is of key phenomenological importance when evolving the masses typically measured at a few GeV to the electroweak scale, as well as three further non-physical coefficients that we will discuss in the following section.
In the present paper, our aim is to push the knowledge of the remaining renormalization constants to the same level. We follow up on our earlier works [7, 10] and complete the renormalization program by evaluating the anomalous dimension of the ghost field, and that of the ghost-gluon vertex. Using the same general techniques as in our previous works, we have been able to compute these coefficients in Feynman gauge (although a result for general covariant gauges is conceptionally not more involved, and could be obtained in a straightforward way given more computational resources).
The structure of the paper is as follows. After briefly summarizing our setup and introducing some notation in sections 2, we give our results for the anomalous dimensions of the ghost sector in 3. In section 4 we display the relations needed to obtain the remaining anomalous dimensions, and to derive all corresponding renormalization constants. All these results are lengthy and given in ancillary files for convenience. We conclude in section 5. In the appendix, the known Beta function coefficients are summarized in our notation.
Setup
In this section, we start by fixing some necessary conventions and notation, and comment on the computational strategy that we employ for our five-loop computation.
Renormalization constants
The fields and parameters of the gauge theory are renormalized via
where the subscript b (r) stands for bare (renormalized) quantities, and all
. There is no need to renormalize the gauge-fixing term ∼ (∂A) 2 /ξ L , such that setting Z ξ = Z 3 leaves five independent renormalization constants (RCs) Z i . It is sometimes convenient to consider products of the Z i as 'vertex RCs', such as those multiplying the 3-gluon, 4-gluon, ghost-gluon and quark-gluon vertex. These are usually denoted as Z j 1 , where j ∈ {3g, 4g, ccg, ψψg}, and we will find it convenient to evaluate the combination Z
For a complete set of relations among these constants, see section 4 below.
Instead of explicitly listing the renormalization constants Z i , we will for simplicity only give the corresponding anomalous dimensions, defined by
Two of them, γ m and γ 2 , corresponding to the renormalization of the quark mass and wave function, have already been given in [10] . Three more are required, in order to complete the set of independent RCs. A popular choice is to evaluate γ 3 , γ c 3 and γ ccg 1 , the latter two of which we provide in the present paper, while γ 3 can then be reconstructed from the Beta function given in [8] , see eq. (4.1) below.
Note that γ 3 is conveniently traded for the Beta function, since the latter is a physical gauge invariant object and hence much more compact. Following usual conventions, instead of considering Z g , one renormalizes the gauge coupling squared (which in our notation is a ∼ g 2 , see eq. (3.1) below) with the factor Z a ≡ Z 2 g and calls the corresponding anomalous dimension the Beta function, β ≡ γ a = 2γ g . Note that, due to the renormalization scale independence of the bare gauge coupling, using eqs. (2.2) and (2.3) this immediately implies
where a is the renormalized coupling of eq. (3.1).
Computational strategy
In order to evaluate the coefficients of the perturbative expansions for the renormalization constants and anomalous dimensions, we rely on the setup that we have developed and successfully tested in our previous works. While we refer to the literature for more detailed descriptions of our chain of computer-algebra programs [7, 10] and for technical details concerning our procedure for integral reduction and evaluation [11] [12] [13] [14] , let us briefly summarize the main components of our strategy here.
As is standard procedure in perturbative multiloop calculations, we start with expressions produced by the diagram generator qgraf [15, 16] linked with some own FORM [17] [18] [19] codes. Taking the required set of 2-and 3-point functions, we perform the group algebra with the help of color [20] . Next, we introduce a common mass term into all our massless propagators [21] [22] [23] , in order to regulate the infrared behavior of the dimensionally regularized [24, 25] d = 4−2ε dimensional momentum-space integrals. While this does not change the ultraviolet (UV) behavior that we are interested in when extracting the (mass-independent) UV counterterms in the MS scheme [26] , it allows us to perform a systematic expansion in external momenta, which can eventually be nullified. This leaves us with expansions coefficients that belong to the well-studied class of fully massive vacuum integrals.
At five loops, this class of integrals can be labelled by 15 indices (corresponding to maximally 12 propagators plus 3 scalar products) [12] . To tame the enormous number of integrals that enter our calculation, we choose to perform a reduction to a small set of master integrals. To this end, we make use of our own codes crusher [11] and TIDE [12] , which are based on integration-by-parts (IBP) identities [27] and use Laporta-type algorithms [28] . Both C++ codes are largely independent, utilize GiNaC [29] and Fermat [30] for simple and complicated algebraic manipulations, respectively, and in conjunction provide us with a welcome verification of the time-and resource-consuming integral reduction process.
After reduction, we end up with a set of 110 five-loop master integrals. Their high-precision numerical ε-expansion has been studied previously [12, 13] , much along the lines of previous work on the four-loop case [21, [31] [32] [33] [34] , relying again on IBP reductions, generating large coupled systems of linear difference equations that can be solved formally with factorial series [28] . A truncated version of these series then delivers high-precision numerical results for the coefficients of the ε-expansion of each individual master integral. This allows to employ the integer-relation finding algorithm PSLQ [35] , testing for relations between some of these numbers, and discovering the analytic content of others.
Our high-precision evaluation of all 5-loop master integrals has not yet produced results for the 12-line families [7] . Fortunately, it turns out that in all our results, only three independent linear combinations of 12-line master integrals contribute. While standard integration over the Feynman parametric representation (see e.g. [36] ) with subsequent sector decomposition, using the strategy explained in [37, 38] and as implemented in FIESTA [39] as well as own code [14] gives 3-6 digits only, we were able to fix the three unknown linear combinations to 260 digits, as explained in [10] . Owing to this last step, we are able to provide analytic expressions for the specific combinations of master integrals that appear in all of our results below.
Notation for group invariants
In order to render the present paper self-contained, we wish to recall some group-theoretic notation that we had already utilized in our previous works [7, 10] , and which we employ to present all of our results below. We study a Yang-Mills theory coupled to fermions, working over a semi-simple Lie algebra with hermitian generators T a . The commutation relations
define the real and antisymmetric structure constants f abc . Following standard conventions, the quadratic Casimir operators of the fundamental and adjoint representations (of dimensions N F and N A , respectively) are defined via T a T a = C F 1 1 and f acd f bcd = C A δ ab . The trace normalization reads Tr(T a T b ) = T F δ ab , the number of quark flavors is denoted by N f , and we will make use of the following normalized combinations of group invariants:
In loop diagrams, higher-order group invariants arise when one encounters traces of more than two group generators. It is useful to classify these higher-order traces in terms of combinations of symmetric tensors [20] , of which we presently need the following three (rewriting the generators of the adjoint representation as [F a ] bc = −if abc , and again normalizing conveniently):
In the above, sTr denotes a fully symmetrized trace (such that sTr(ABC) = 1 2 Tr(ABC + ACB) etc.). As a concrete example, picking SU(N ) as gauge group (and setting T F = 1 2 and C A = N ), our set of normalized invariants reads [20] SU(N ) :
In the case of SU(3) (corresponding to physical QCD), we therefore have
Results for the group U(1) (corresponding to QED) can be obtained by setting
which, due to our normalization, is sometimes only possible after multiplying with the corresponding power of the gauge coupling (that we normalize with a positive power of C A , see eq. (3.1) below), eliminating all inverse powers of C A .
Renormalization of ghost field and -vertex
In this section, we present our new results for the ghost field and ghost-gluon vertex anomalous dimensions at five loops. Since these are gauge-dependent quantities, let us stress once more that we have worked in Feynman gauge only. For lower loops, we display the full gauge parameter dependence, where ξ = 0/1 corresponds to Feynman/Landau gauge.
Ghost field anomalous dimension
In contrast to the physical and gauge-independent Beta function and quark mass anomalous dimension, the anomalous dimension of the ghost field depends on the gauge parameter ξ. Its structure is
where g(µ) is the gauge coupling constant that depends on the renormalization scale µ, and we work in the MS scheme, in d = 4 − 2ε space-time dimensions. The 2-and 3-loop coefficients are known to be (see, e.g. [40] )
3)
The 4-loop coefficient γ c 33 is known for the gauge group SU(N ) [40] , while for a general Lie group the result is only available up to the linear term in an expansion around Feynman gauge ξ = 0 [33] . Unfortunately, due to the SU(N ) degeneracies 2d 2 = 7/12−c f and d 3 = 37/24−3c f , it is not possible to uniquely reconstruct its remaining gauge dependence (up to three loops the reconstruction works, since only quadratic Casimir operators contribute). We have therefore computed γ c 33 in general covariant gauge from scratch, obtaining (to clearly expose the group structure of the coefficients, we employ a notation resembling scalar products with vectors in curly brackets, such as e.g. {c f , 1}.{a, b} = c f a+b) We observe that eq. (3.4) agrees, in the SU(N ) limit and for all powers of ξ, with the 4-loop results of [40] . Furthermore, its terms of order ξ 0 and ξ 1 coincide exactly with the corresponding terms given in [33] , leading us to the conclusion that it represents the correct generalization of the known results to general covariant gauge. As a side note, we notice that the structure c f n 0 f is absent, and that the coefficient of d 2 n f does not depend on the gauge parameter. In retrospect, since the same could have been observed -at least to NLO in ξ -already in [33] , assuming this pattern to hold for all powers of the gauge parameter would have allowed for a correct lift of the SU(N ) results of [40] to a general gauge group.
We have evaluated the five-loop contribution in Feynman gauge (ξ = 0) as 
As a second check, specializing to SU(3) allows us to compare with the Feynman-gauge 5-loop result given in eq. (3.2) of [42] . Again, we find full agreement.
Ghost-gluon vertex anomalous dimension
The anomalous dimension of the ghost-gluon vertex has the structure The 4-loop coefficient suffers from the same degeneracy of color factors as mentioned above, obstructing a direct generalization from SU(N ) to a general gauge group. We have therefore computed it from scratch, in general covariant gauge, obtaining
Once again, the SU(N ) limit reproduces all orders of ξ as known from [40] , while the terms of order ξ 0 and ξ 1 coincide with those in the the linear combination γ
3 assembled from [33] . As above, in retrospect, one could have observed the absence of a c f n 0 f term to NLO in ξ from the results of [33] , and by conjecturing this to hold for the full gauge-dependent result as well one could have correctly reconstructed the full 4-loop coefficient eq. (3.14) from the SU(N ) results of [40] .
At five loops, we have obtained the new Feynman gauge (ξ = 0) result 
As an important check, we find full agreement with eq. (40) of [45] , where the 5-loop term had been given for SU(3) and in Feynman gauge. Compared to the other anomalous dimensions, note that in γ ccg 1
there are no terms proportional to a ℓ n ℓ−1 f at ℓ loops; these would correspond to renormalon contributions, which are absent in this case due to consistency with the vanishing of γ ccg 1 in Landau gauge, as has been mentioned already above.
Complete set of renormalization constants
Now that the minimal set of renormalization constants is known, all remaining anomalous dimensions can be reconstructed easily, since they are related via gauge invariance of the QCD action (see e.g. [40] ). From the results listed here, the anomalous dimensions of the gluon field, the gluon vertices as well as the quark-gluon vertex can be obtained from the linear relations
with γ 2 from [10] . For the convenience of the reader, we attach an electronic version of the complete set of anomalous dimensions to the present paper [46] . To reconstruct the renormalization constants Z i from the set of anomalous dimensions γ i , one starts from eq. (2.3), recalling that in general, renormalization scale dependence enters Z i (a, ξ L ) through both of its variables. Therefore, [46] .
Once the RCs Z i are known, the corresponding anomalous dimensions can simply be extracted from the single poles, as γ i = a∂ a z (1) i .
Conclusions
In recent years, technical progress has made possible the first complete five-loop computations in nonAbelian gauge theories. Adding to the already available set of renormalization constants for general Lie groups in MS-like schemes [7, 8, 10] , we have presented new analytic 5-loop Feynman-gauge results for the two missing anomalous dimensions, which we have chosen to be those of the ghost field eqs. (3.5)-(3.10) and ghost-gluon vertex eqs. (3.15)-(3.19) . This completes the five-loop renormalization program for general groups, providing a generalization -and independent confirmation -of the previously known SU(3) coefficients [6, 9, 42, 45] , relevant for physical QCD.
Along the way, we have closed a gap in the literature and provided full gauge-dependent expressions for the renormalization constants of the ghost sector at four loops, see eqs. (3.4) and (3.14) above. Together with our new results, we have prepared computer-readable versions of the complete set of anomalous dimensions and renormalization constants, available online [46] .
The methods we have employed here are well suited to be applied to the gluon propagator as well, and the corresponding computation of the gluon field anomalous dimension γ 3 is under way [47] . The anticipated result would give an important independent check on the Feynman-gauge expression that we have provided in the ancillary files (which was derived using eq. (4.1)), and hence on the correctness of the Beta function from the independent calculation of [8] .
For completeness, it might be interesting to evaluate the gauge parameter dependence of ghost field and -vertex (as well as the quark field) in the future. While this would, for example, provide a further independent check of the correctness of the Beta function (as well as the quark mass anomalous dimension γ m ) due to gauge-parameter cancellation, given the strong constraints already discussed above we do not think this a pressing issue. However, from the viewpoint of truly completing the 5-loop renormalization program, knowledge of the full gauge dependence of all renormalization constants is certainly desirable.
In passing, we note that the analytic structure of the 5-loop Beta function (as well as that of the corresponding renormalization constant Z a ), containing the Zeta values {ζ 3 , ζ 4 , ζ 5 } only, is considerably simpler than that of the other anomalous dimensions and RCs, which in addition need the weight-6 and weight-7 constants {ζ 2 3 , ζ 6 , ζ 7 }. Regarding the group-theoretic structure, the only outlier is γ Of these 5-loops coefficients, b 44 has been known already for a long time from a large-N f analysis [56, 57] , while b 43 was given in [7] , as a proof-of-concept of our setup that we have used above to determine the anomalous dimensions of the ghost sector. The three coefficients b 42 , b 41 and b 40 have recently been derived as well [8] , using the background field method and relying on infrared rearrangement [58] and the R * operation [59] to map the ultraviolet divergences onto massless fourloop two-point functions which were evaluated via their new code FORCER [60] . As an important check on the 5-loop expressions given above, setting the group invariants to their SU(3) values eq. (2.8), all coefficients coincide with the results given in [6] .
